Effects of the isospin-symmetry breaking (ISB) beyond mean-field Coulomb terms are systematically studied in nuclear masses near the N = Z line. The Coulomb exchange contributions are calculated exactly. We use extended Skyrme energy density functionals (EDFs) with proton-neutron-mixed densities, to which we add new terms breaking the isospin symmetry. Two parameters associated with the new terms are determined by fitting mirror and triplet displacement energies (MDEs and TDEs) of isospin multiplets. The new EDFs reproduce MDEs for the T = 1 2 doublets and T = 1 triplets, and TDEs for the T = 1 triplets. Relative strengths of the obtained isospinsymmetry-breaking terms are not consistent with the differences in the NN scattering lengths, a nn , a pp , and a np . Based on low-energy experimental data, it seems thus impossible to delineate the strong-force ISB effects from beyond-mean-field Coulomb-energy corrections.
Introduction
Similarity between the neutron-neutron (nn), proton-proton (pp), and neutron-proton (np) nuclear forces, commonly known as their charge independence, has been well established experimentally already in 1930's, leading to the concept of the isospin symmetry introduced by Heisenberg [1] and Wigner [2] . Since then, the isospin symmetry has been tested and widely used in theoretical modelling of atomic nuclei, with its explicit violation generated by the Coulomb interaction. In addition, there also exists firm experimental evidence in the nucleon-nucleon (NN) scattering data that the interaction contains small isospin-symmetry-breaking (ISB) components. The differences in the NN phase shifts indicate that the nn interaction, V nn , is about 1% stronger than the pp interaction, V pp , and that the np interaction, V np , is about 2.5% stronger than the average of V nn and V pp [3] . These effects are called charge-symmetry breaking (CSB) and charge-independence breaking (CIB), respectively. In this paper, we show that the manifestation of the CSB and CIB in nuclear masses can systematically be accounted for by the extended nuclear density functional theory (DFT).
The charge dependence of the nuclear strong force fundamentally originates from mass and charge differences between u and d quarks. The strong and electromagnetic interactions among these quarks give rise to the mass splitting among the baryonic and mesonic multiplets. The neutron is slightly heavier than the proton. The pions, which are the Goldstone bosons associated with the chiral symmetry breaking and are the primary carriers of the nuclear force at low energy, also have the mass splitting. The strong-force CSB mostly originates from the difference in masses of protons and neutrons, leading to the difference in the kinetic energies and influencing the one-and two-boson exchange. On the other hand, the major cause of the strong-force CIB is the pion mass splitting. For more details, see Refs. [3, 4] .
The Coulomb force is, of course, the major source of ISB in nuclei. In the nuclear DFT, the Coulomb interaction is treated on the mean-field level. Contrary to the atomic DFT, where the exchange and correlation effects are usually treated together [5] , in nuclei, the exchange term can be evaluated exactly, as is the case in the present study, but the correlation terms are simply disregarded. Therefore, the ISB terms that we introduce below are meant to describe both the strong-force and Coulomb-correlation effects jointly.
The isospin formalism offers a convenient classification of different components of the nuclear force by dividing them into four distinct classes. Class-I isoscalar forces are invariant under any rotation in the isospin space. Class-II isotensor forces break the charge independence but are invariant under a rotation by π with respect to the y−axis in the isospace preserving therefore the charge symmetry. Class-III isovector forces break both the charge independence and the charge symmetry, and are symmetric under interchange of two interacting particles. Finally, forces of class IV break both symmetries and are anti-symmetric under the interchange of two particles. This classification was originally proposed by Henley and Miller [4, 6] and subsequently used in the framework of potential models based on boson-exchange formalism, like CD-Bonn [3] or AV18 [7] . The CSB and CIB were also studied in terms of the chiral effective field theory [8, 9] . So far, the Henley-Miller classification has been rather rarely utilized within the nuclear DFT [10, 11] , which is usually based on the isoscalar strong forces.
The most prominent manifestation of the ISB is in the mirror displacement energies (MDEs) defined as the differences between binding energies of mirror nuclei:
A systematic study by Nolen and Schiffer [12] showed that the MDEs cannot be reproduced by using models involving mean-field Coulomb interaction as the only source of the ISB, see also Refs. [11, 13, 14, 15] . Another source of information on the ISB are the so-called triplet displacement energies (TDEs):
which are measures of the binding-energy curvatures within the isospin triplets. The TDEs cannot be reproduced by means of conventional approaches disregarding nuclear CIB forces either, see [13, 16] . In the above definitions of MDEs and TDEs, the binding energies are negative (BE < 0) and the proton (neutron) has isospin projection of
(N − Z). In Fig. 1 , we show MDEs and TDEs calculated fully self-consistently using three different standard Skyrme energy-density functionals (EDFs): SV T [17, 18] , SkM * [19] , and SLy4 [20] . Details of the calculations, performed using code HFODD [21] , are presented in the Supplemental Material [22] . In Fig. 1(a) , we clearly see that the values of obtained MDEs are systematically lower than the experimental ones by about 10%. Even more spectacular discrepancy appears in Fig. 1(b) for TDEs, namely, for the A = 4n triplets their values are nicely reproduced by the mean-field Coulomb effects, however, the characteristic staggering pattern seen in experiment is entirely absent. (See below for the discussion regarding the outlier case of 44 V.) It is also very clear that the calculated MDEs and TDEs, which are specific differences of binding energies, are independent of the choice of Skyrme EDF parametrization, that is, of the isoscalar part of the EDF. 
Methods
We aim at a comprehensive study of MDEs and TDEs based on the extended Skyrme pn-mixed DFT [21, 27, 28] , which includes zero-range class-II and III forces. We consider the following zero-range interactions of class II and III with two new low-energy coupling constants t II 0 and t III 0 [29] :
The corresponding contributions to EDF read:
where ρ and s are scalar and spin (vector) densities, respectively. Inclusion of the spin exchange terms in Eqs. (3) and (4) leads to a trivial rescaling of coupling constants t II 0 and t III 0 , see [29] . Hence, these terms were disregarded. Contributions of class-III force to EDF (6) depend on the standard nn and pp densities and, therefore, can be taken into account within the conventional pn-separable DFT approach [10, 11] . In contrast, contributions of class-II force (5) depend explicitly on the mixed densities, ρ np and s np , and require the use of pn-mixed DFT [27, 28] .
We implemented the new terms of the EDF in the code HFODD [21] , where the isospin degree of freedom is controlled within the isocranking method [27, 30, 31] -an analogue of the cranking technique that is widely used in high-spin physics. The isocranking method allows us to calculate the entire isospin multiplet, T , by starting from an isospin-aligned state |T, T z =T and isocranking it around axes tilted with respect to the z-axis. In particular, the isocranking around the x-axis (or eqivalently around the y-axis) allows us to reach the state with T z ≃ 0.
A rigorous treatment of the isospin symmetry within the pn-mixed DFT formalism requires full, three-dimensional isospin projection, which is currently under development. However, for the purpose of calculating values of TDEs, we can perform the isospin projection in the following way. First, we treat the standard effects of the isospin mixing caused by the Coulomb interaction at the mean-field level, cf. [32] . That is, we consider mean-field states of nuclei with (T, T z =±1) as having approximately good isospin. Then, the only states that need special attention are those with (T, T z =0), which are obtained by the isocranking technique.
Let us denote by |Ψ T,T z = {|Ψ 1,−1 , |Ψ 1,0 , |Ψ 1,1 } the wavefunctions of the triplet of states. For the A = 4n + 2 triplets, these wave functions can be very simply written as
where ↑ and ↓ denote pairs of Kramers-degenerate deformed states, and |0 denotes the T = 0 core of A = 4n particles. Similarly, the x-isocranked state reads
where
(|n ↓ + |p ↓ ) are singleparticle eigenstates of the Pauli matrix τ x . Since all terms in the Hamiltonian are diagonal in T z , we then have the binding energy of the isocranked state as
When this result is inserted into Eq. (2), we finally obtain
For the A = 4n triplets, the derivation is slightly more involved, but the same result (9) holds. In this way, TDEs of the isospin-projected triplets can be determined from energies of three Slater determinants: |Ψ 1,−1 , |Ψ ++ , and |Ψ 1,1 . The procedure proposed in Eqs. (7)- (9) is equivalent to an exact projection on the N = Z T = 1 component of the isocranked wavefunction, which amounts to removing its dispersion in T z . Physically relevant values of t II 0 and t III 0 turn out to be fairly small [29] , and thus the new terms do not impair the overall agreement of self-consistent results with the standard experimental data. Moreover, calculated MDEs and TDEs depend on t Table 1 . We have performed adjustements to masses tabulated in AME2012 [25] ; in this way, below we can test our predictions by comparing the results to those tabulated in AME2016 [37] . 
Results
In Fig. 2 , we show values of MDEs calculated within our extended DFT formalism for the Skyrme SV ISB T EDF. By subtracting an overall linear trend (as defined in Fig. 1 ) we are able to show results in an extended scale, for which a detailed comparison with experimental data is possible. In Fig. 3 EDF, because it is the only one based on averaging a two-body pseudopotential (without density-dependent terms), and it is thus free from unwanted self-interaction contributions [38] .
It is gratifying to see that the calculated values of MDEs closely follow the experimental A-dependence, see Fig. 2 . It is worth noting that a single coupling constant t and T = 1 MDEs, which confirms conclusions of Refs. [10, 11] . In addition, for the T = We note that these features are already present in the SV T results without the ISB terms, that is, for the mean-field Coulomb interaction. On top of the Coulomb force, the class-III force is essential in bringing the magnitude of MDEs up to the experimental values, but also in simultaneously increasing the staggering pattern given by the Coulomb interaction. This is illustrated in Fig. 4(a) , where we plotted differences MDE(A)−MDE(A−2), separately for the contributions coming from the isoscalar, Coulomb, and class-III terms of the functional.
On the one hand, we see that the Coulomb force alone always induces staggering of MDEs, except in the f 7/2 and g 9/2 nuclei, where this part of the staggering disappears almost completely. On the other hand, the class-III force induces a (smaller) in-phase staggering in all systems. Because of the self-consistency, the isoscalar terms also show some small out-of-phase staggering, which is a result of strong cancellation between fairly large kineticenergy and Skyrme-force contributions. In Fig. 4(b) , we showed differences MDE(A)−MDE(A−2) calculated with and without the ISB terms, compared with experimental values [25] . This figure also shows results of our calculations extrapolated up to A = 99.
For all three functionals our results correctly describe the A-dependence, and lack of staggering, of the T = 1 MDEs, see Fig. 2 (b) and [22] . Coming to the discussion of TDEs, it is even more gratifying to see in Fig. 3 that our pn-mixed calculations, with one adjusted class-II coupling constant, t TDEs decreases from 190 to 69 keV. In fact, the improvement comes from the decrease of the rms deviations for the A = 4n + 2 triplets, from 250 to 75 keV, wheres those for the A = 4n triplets change very little, from 58 to 60 keV.
We also note that (i) in our approach, the staggering of MDEs in the f 7/2 shell is increased by the ISB terms, leading to an agreement with data, Fig. 4(b) , whereas in the results of Ref. [14] this staggering is decreased by the ISB forces. Also, (ii) in light of our results, the standard interpretation of a phenomenological term in Coulomb energies [12, 39] that is proportional to (−1) Z , is not correct. This term was introduced to remove effects of the proton Coulomb self-energies. Our calculations treat the Coulomb-exchange terms exactly, and thus are free from self-energies; nevertheless, these exact Coulomb energies do not show any staggering of the TDEs, Fig. 3 MDEs. This may suggest that the staggering of Coulomb energies in T = 1 2 MDEs may be washed out by the self-interaction contributions, which are present in the SkM* ISB and SLy4 ISB functionals. Good agreement obtained for the MDEs and TDEs shows that the role and magnitude of the simplest DFT ISB terms are now firmly established. Nevertheless, some conspicuous deviations of our theoretical predictions with respect to the experiment still remain. This includes (i) overestimated (underestimated) values of MDEs in lighter (heavier) multiplets, (ii) overestimated (underestimated) staggering of MDEs in lighter (heavier) doublets, and (iii) underestimated staggering of TDEs in heavier triplets. This suggests that higher-order DFT ISB terms, that is, gradient terms that would generate dependence on surface properties, may still play some role.
It is very instructive to look at ten outliers that were excluded from the fitting procedure. In Figs. 2 and 3 , they are shown by open symbols. They can be classified as (i) five outliers that depend on masses of 52 Co, 56 Cu, and 73 Rb, which clearly deviate from the calculated trends for MDEs and TDEs. These masses were not directly measured but were derived from systematics [25] . And (ii) two outliers that depend on the mass of 44 V, whose ground-state measurement may be contaminated by an unresolved isomer [40, 41, 42] . As well as (iii), large differences between experimental and calculated values are found in MDE for A = 16, 67 and 69. Inclusion of these data in the fitting procedure would significantly increase the uncertainty of adjusted coupling constants. The former two classes of outliers, (i) and (ii), call for improving experimental values, whereas the last one (iii) may be a result of structural effects not included in our model.
Our results can be confronted with the state-of-the-art global analysis performed within the shell-model [13] . There, the MDEs and TDEs were very accurately described by fitting the Coulomb, class-II, and class-III shellmodel interactions, separately in five different valence spaces between A = 10 and 55. In addition, values of 14 single-particle energies were also adjusted. As a result of such a 29-parameter fit, the rms deviations between measured and calculated values of MDEs and TDEs were obtained as 44 and 23 keV, respectively. This can be contrasted with our two-parameter fit in SV ISB T , resulting in the corresponding rms deviations of 220 and 66 keV. (Here, we have used the same set of nuclei as that analyzed in Ref. [13] .) Undoubtedly, this shows that by adding higher-order DFT ISB terms, our results can still be improved. Nevertheless, we can conclude that both the DFT and shellmodel analyses consistently point to the necessity of using specific ISB terms to account for masses of N ≃ Z nuclei.
Having at hand a model with the ISB interactions included, we can calculate MDEs and TDEs for more massive multiplets, and make predictions of binding energies for neutron-deficient (T z = −T ) nuclei. In particular, in Table 2 we present predictions of mass excesses of 52 Co, 56 Cu, and 73 Rb, whose masses were in AME2012 [25] derived from systematics, and 44 V, whose ground-state mass measurement is uncertain. Recently, the mass excess of 52 Co was measured as −34361(8) [43] or −34331.6(66) keV [44] . These values are in excellent agreement with our prediction, even though the difference between them is still far beyond the estimated (much smaller) experimental uncertainties. We also note that a similar excellent agreement is obtained between our mass excess of 56 Cu and that of AME2016 [37] . On the other hand, estimates given in Ref. [42] are outside our error bars.
Assuming that the extracted CSB and CIB effects are, predominantly, due to the ISB in the 1 S 0 NN scattering channel, one can attempt relating ratio t II 0 / t III 0 to the experimental scattering lengths. The reasoning follows the work of Suzuki et al. [10] , who assumed a proportionality between the strengths of CSB and CIB forces and the corresponding scattering lengths [45] , that is,
(a pp + a nn ) − a np , which, in our case, is equivalent to t ∆a CIB . Assuming further that the proportionality constant are the same, and taking for the experimental values ∆a CSB = 1.5 ± 0.3 fm and ∆a CIB = 5.7 ± 0.3 fm [45] , one gets the estimate:
∆a CIB ∆a CSB = −2.5 ± 0.5.
From the values of coupling constants t II 0 and t III 0 obtain in this work, we can obtain their ratios as given in Table 1 . As we can see, the ratios determined by our analysis of masses of N ≃ Z nuclei with 10 ≤ A ≤ 75 have a correct sign but are 2-4 times smaller than the estimate (10) based on properties of the NN forces deduced from the NN scattering experiments.
Conclusions
In this Letter, we showed that the nuclear DFT with added two new terms related to the ISB interactions of class II and III is able to systematically reproduce observed MDEs and TDEs of T = [37, 43, 44] . To better pin down the ISB effects, accurate mass measurements of the other two nuclei are very much called for.
Our work constitutes the first global DFT study of TDEs in the T = 1 isomultiplets. It is based on the introduction of a single class-II ISB term within the pn-mixed DFT [27, 28] . In addition, we confirmed results of Refs. [10, 11] , which described the values of MDEs by using a single class-III ISB term. We also showed that the characteristic staggering patterns of MDEs are mostly related to the standard Coulomb effects, whereas those of TDEs require introducing the class-II ISB terms. Altogether, we showed that very simple general DFT ISB terms properly account for all currently available experimental data for MDEs and TDEs.
Finally, we note that our adjusted ISB terms probably jointly include effects of the Coulomb correlations beyond mean field and ISB strong inter-actions, along with possible many-body ISB correlations induced by them. It does not seem reasonable to expect that low-energy nuclear experimental data would allow for disentangling these distinct sources of the ISB in finite nuclei. In this respect, ab initio derivations, such as recently performed for four triplets in Ref. [16] , would be very important, provided they cover the entire set of data available experimentally.
Interesting [3, 4] , which were presented in the Letter.
Choice of the basis size
The code HFODD [5] used in this work solves the Hartree-Fock (HF) equations in the Cartesian harmonic oscillator (HO) basis. In this work, we use the spherical HO basis whose size is determined by the number of shells, N 0 , taken into account. Numerical stability with respect to N 0 was tested in detail in Ref. [6] . It turned out that the optimum choice of number of HO shells (in terms of the trade-off between precision and computing time) is N 0 = 10 for light nuclei (10 ≤ A ≤ 30), N 0 = 12 for medium-mass nuclei (31 ≤ A ≤ 56) and N 0 = 14 for heavier nuclei (A ≥ 57). In the Letter, we followed these guidelines with exception of the A = 58 triplet, which was calculated with N 0 = 12 to maintain consistency with other triplets.
Adjustment of the model coupling constants
Results of fit of the model coupling constants t II 0 and t III 0 , together with essential elements of the fitting procedure, are given in the Letter. In the following subsections we provide further details concerning the methodology used. In particular, we discuss arguments justifying the splitting of the twodimensional (2D) fit into two one-dimensional (1D) fits. We also discuss and quantify sources of potential errors and uncertainties.
Selecting HF solutions used for fitting
Calculations of MDEs and TDEs involve ground-state energies in eveneven, odd-A, and odd-odd nuclei. In the even-even A = 4n + 2 triplets, the HF solutions representing the 0 + ground states are unambiguously defined by filling the Kramers-degenerated levels from the bottom of the potential well up to the Fermi energy. However, in the odd-A T = 1 2 doublets and A = 4n T = 1 triplets, the HF solutions representing ground states are not uniquely defined. The ambiguity is related to the orientation of a current generated by unpaired nucleon(s) with respect to the nuclear shape, which gives rise, in triaxial nuclei, to three different solutions that have angular momenta oriented along the intermediate (X), short (Y ), and long (Z) axes of the nuclear shape [7] . No tilted-axis solutions were found. In A = 4n |T = 1, T z = ±1 states, one should consider, additionally, the aligned |ν ⊗π (or |ν ⊗π ) and anti-aligned |ν ⊗π (or |ν ⊗ π ) arrangements of the valence neutron (ν) and proton (π). Let us mention that both the orientation and alignment ambiguities are related to the time-odd parts of the functional, which are very poorly constrained.
To test dependence of MDEs or TDEs on the orientation and alignment of the HF solutions, for SV
ISB T
we performed the complete set of calculations. We found that theoretical MDEs in both T = and T = 1 multiplets weakly depend on both the orientation and alignment. The corresponding uncertainty turned out to be of the order of 10 keV, and thus in the total uncertainty budget of MDE, it could be neglected. Accordingly, we performed calculations of MDEs using only the lowest-energy HF solutions obtained for any given Skyrme functional.
At variance with the results obtained for MDEs, for TDEs the influence of the orientations of the HF solutions turned out to be significant. Hence, in this case we computed TDEs for each of the three orientations separately, and then we averaged out the obtained results. The corresponding standard deviations associated with the averaging procedure was carried over to the total uncertainty budget. For SV ISB T , the fitting procedure was performed for ground-state configurations regardless of their alignment. This led to antialigned configurations in A = 12, 20, 24, 36, 40, 44, 48 , and 56, and to aligned ones in the remaining A = 4n triplets. In the A = 4n triplets, the obtained values of K quantum numbers (projections of the angular momentum on the symmetry axis) agree with the experimental values of angular momentum I. The only exception is the A = 12 triplet, where we obtained K = 2 for I = 1. Furthermore, the procedure was tested for aligned and anti-aligned configurations separately. These two sets of solutions led to similar values of t II 0 coupling constant, and to similar predictions for the TDEs. Based on this observation, we decided to perform the calculations for other parametrizations with aligned solutions only, which are much easier to converge at the HF level.
Unfortunately, for certain values of A, we were unable to find solutions for all orientations. The missing solutions were: for SV 
The fitting strategy
Our model has two free coupling constants, t II 0 and t III 0 (see Eqs. (3)-(6) of the Letter), which are adjusted to reproduce all available data on MDEs and TDEs in isospin doublets and triplets. The most general strategy would be to perform the 2D fit to the data, that is, to fit both coupling constants simultaneously. However, the 2D procedure is very costly computationally, as it requires both the doublets and triplets to be calculated in the pn-mixing formalism. Fortunately, coupling constants t II 0 and t III 0 are to a large extent independent of one another. Indeed, test calculations without Coulomb, performed in Ref. [8] , clearly indicate that coupling constant t II 0 does not affect MDEs. The same calculations showed that the influence of coupling constant t III 0 on TDEs is also very weak, and comes mostly from a subtle modification of the HF solution due to the self-consistency of solutions. This property allows us to replace the rigorous 2D procedure by two constitutive 1D fits.
To reduce a possible discrepancy between the full 2D fit and our simplified fitting procedure, we first performed the adjustment of t III 0 coupling constant to MDEs. In the next step, for the physical value of t III 0 obtained previously, we performed the adjustment of t II 0 to TDEs. The adopted strategy allowed us to compute the doublets within the standard pn-separable formalism, thus reducing the computational effort considerably. Moreover, the calculations showed almost perfect linearity of MDEs (TDEs) as functions of t 
Penalty function and minimization procedure
The 1D fitting was based on the χ 2 minimization procedure described in Ref. [9] . We defined the penalty function χ 2 in the following way:
where t 0 represents the actual coupling constants, t • ∆DE the i is the theoretical uncertainty related to the averaging over orientations as described above,
• ∆DE mod is the theoretical model uncertainty, which is an unknown adjustable parameter.
The idea of the fit is to minimize χ 2 with the additional constraint of χ 2 per degree of freedom being equal to one. The latter condition can be obtained by adjusting the model uncertainty ∆DE mod , which is responsible for the spread of the theory-experiment differences. Values of model uncertainties obtained for three different Skyrme forces used in this work are collected in Table 3 . As it turns out, the model uncertainty is the main source of the total uncertainty, which can be checked by comparing it with the root-mean-square deviations (RMSD) between theory and experiment, see Table 3 . Figs. 2 and 3 of the Letter. As we can see, for all three parametrizations, the agreement between experimental and theoretical values is similar. This nicely confirms that the method proposed in this work is indeed almost perfectly independent on the isoscalar charge-independent part of the functional. In this sense it is a quite robust method to assess the ISB effects in N ≃ Z nuclei.
This 
